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We theoretically investigate how superradiance phenomena inspired to rotational black holes can be studied
in a weakly interacting atomic condensate at rest in the presence of a circularly moving impurity coupled to
the density fluctuations in the fluid. The zero-point quantum fluctuations of phonons in the condensate induce
a non-vanishing excitation rate of the detector even when the condensate is initially in its ground state. For
detectors with a harmonic oscillator internal structure immersed in spatially confined condensates, we predict
dynamical instability phenomena analogous to phonon lasing.
Introduction — Since Unruh’s pioneering proposal in
1981 [1], the last decades have witnessed the surge of a
new field of research which aims at investigating concepts
of general relativity and of quantum field theories in curved
backgrounds in the so-called condensed matter analog mod-
els of gravity [2]. As a most celebrated example, acoustic
analogs of black holes were investigated in trans-sonically
flowing atomic Bose-Einstein condensates: the acoustic black
hole horizon corresponds to the interface between regions of
respectively sub- and super-sonic flow and was anticipated
to emit a thermal radiation of phonons via Hawking pro-
cesses [3]. The first experimental observations of such phe-
nomena [4] were instrumental in triggering the on-going ex-
plosion of the field, with a revived interest in using analog
models to investigate a variety of different effects of quan-
tum field theories in curved space times, from the dynamical
Casimir effect [5], to acceleration radiation [6], to vacuum
friction and Casimir forces [1, 7].
The subject of the present work is the phenomenon of rota-
tional superradiance [9, 10], namely the amplification of clas-
sical waves reflected by a fast rotating body. In the simplest
formulation, superradiance may occur whenever the linear ve-
locity of the object (or of parts of it) exceeds the phase velocity
of the waves, so that the wave frequency seen in the comov-
ing frame turns negative. Such negative-energy modes then
provide the energy that is required to amplify positive-energy
waves via superradiant effects.
In cylindrical geometries, a mode of frequency ω and az-
imuthal quantum number n can be superradiantly amplified
when the angular velocity Ω of the rotating body satisfies
Ω > ω/n. Being a consequence of basic kinematical argu-
ments, superradiance is an ubiquitous phenomenon in physics.
Its first incarnation was the discovery of amplification of
acoustic waves hinging upon a supersonically moving bound-
ary [11], or the amplification of cylindrical electromagnetic
waves interacting with a rotating material [12]. In an astro-
physical rotating black hole, the superradiant amplification of
waves is a consequence of Hawking’s area theorem and of the
Figure 1: A two-level detector with internal frequency, ω0, rotates
with uniform angular velocity Ω at a distance R from its rotational
axis. The impurity couples to the density fluctuations, δρ(r), of a
weakly interacting Bose gas, which is trapped inside a cylindrical
cavity of radius a; the cavity is modeled via Dirichlet boundary con-
ditions on the density fluctuations, δρ(r)|r=a = 0.
space-like character of the generator of time translations in-
side the ergosphere [10, 13], and it is at the root of the several
instability phenomena of the quantum vacuum in Kerr black
holes [14, 15]. In the framework of analog models, a number
of recent studies have investigated superradiant phenomena in
rotating classical and quantum fluids [16] and have established
useful relations to basic hydrodynamic phenomena [17].
In this Letter, we investigate novel forms of superradiance
amplification and superradiant instabilities that take place in
the different configuration where the quantum fluid is at rest
but a neutral impurity moves (classically) along a circular tra-
jectory with constant angular speed Ω across it, as sketched in
Fig. 1. In close analogy with the concept of detector in quan-
tum field theories, the neutral impurity serves as a detector for
the phonons in the condensate: it does not possess a static ana-
log of the charge, but its internal dynamics is coupled to the
density fluctuations in the same way as the electric dipole of
a polarizable object does [1, 6]. In what follows we will con-
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2sider impurities with either a two-level or a harmonic nature
of its internal degree of freedom.
Beyond the usual amplification of incident phonon waves
from the rotating detector, the signature of superradiance
consists here of a spontaneous excitation of the impurity’s
internal degrees of freedom in response to zero-point quan-
tum fluctuations in the condensate. In what follows, we
will concentrate on the realistic case where the quantum
fluid is confined along the radial direction, which provides
a perfectly reflecting cylindrical cavity for phonon modes.
Then, the conditions for the onset of dynamical instabilities
are highlighted in a two-dimensional geometry with discrete
Bogolyubov modes, envisioning prospects for a phonon laser
operation triggered by the fast moving impurity.
A circularly moving impurity in a uniform condensate —
Consider a two-level phonon detector with internal frequency
ω0 in circular motion with constant angular velocity Ω at dis-
tance R from its rotation axis (see Fig. 1 for an illustration).
As originally proposed in [1, 6], the detector is assumed to be
coupled to density fluctuations of a weakly interacting three
dimensional Bose gas. Such a detector can be realized by
means of an atomic quantum dot [18], namely an impurity
atom immersed in the condensate and collisionally coupled
to the Bose gas via two terms, one reminiscent of the inter-
action of a charged particle to an electric field, and the other
resembling an electric dipole coupling mediated by a coupling
constant g−. If the first term is cancelled via proper tuning of
the interaction constants (e.g. via Feshbach resonances), the
Hamiltonian of the system acquires the form
H =
ω0
2
σz + g−σxδρ(r) +HB, (1)
where the field operator δρ(r) couples to the detector only
along its trajectory and σx, σz are quantum operators (pro-
portional to the Pauli matrices) associated with the two-level
detector. It is immediate to recognize how this Hamiltonian
closely resemble the dipole coupling between a two-level sys-
tem and the electromagnetic field. To facilitate the discussion
of dynamical instabilities, in the last part of this work we will
make use of a generalized model where the two-level detector
is replaced by a harmonic-oscillator; physically, such a har-
monic oscillator model may be realized with atoms with large
spin.
As usual, density fluctuations are treated in Bogolyubov
theory [5], and the Bose gas Hamiltonian is thus given by
the usual expression HB =
∫
dqωq b
†
qbq, where b
†
q, bq are
the usual creation and annihilation operators of Bogolyubov
quanta with dispersion relation ωq, and momentum q. As
customary, we refer with m to the mass of the condensate’s
particles, with µ to the condensate’s chemical potential, with
c to its speed of sound, and with ξ to its healing length.
Vacuum excitation rate — Since the motion of the detec-
tor is non-inertial, we can expect a non-vanishing transition
probability A↑ for the detector to jump from the ground to the
Figure 2: The dimensionless excitation rate, Γ↑ = A↑ ω0/P (ω0, R)
(with P (ω0, R) = g2−ρ0/(2mω0R5)), evaluated for y¯ = ξ/a =
0.4, R¯ = R/a = 0.6 and ω0/Ω = 0.3, as function of the rescaled
rotation speed v¯ = (Ωa)/c of the detector. For these specific values
of parameters, the rate drops to zero for v¯ . 3.73. The first thresh-
old corresponds to setting n = 4 and ν = 1 in Eq. (3), and it is
indicated by a dotted green line in the main panel. Each peak rep-
resents the resonant contribution associated to the excitation of one
eigenmodes of the cylindrical cavity. In figure we indicate some of
the resonance channels that open upon increasing v¯, labelled by the
pair of quantum numbers (n, ν). The inset shows that the minimal
velocity for the onset of spontaneous excitation of the ground state
occurs at n = 4 for ν = 1 (green dotted line), in agreement with the
main panel. Higher values of ν yield resonances falling outside the
range of v¯ plotted in the main panel (for instance, v¯(n=1,ν=2) ' 17
and v¯(n=2,ν=2) ' 9.64).
excited state even for a condensate initially in its ground state.
This effect is due to the zero-point quantum fluctuations in
the phonon quantum vacuum and results in the emission of a
phonon. It can be viewed as a superfluid analog of Zeldovich
amplification of electromagnetic waves by a rotating dielec-
tric [12]. A related excitation mechanism was discussed for a
detector in uniform super-sonic motion along a rectilinear tra-
jectory in standard electromagnetism, the so-called Ginzburg
effect [20], as well as in a BEC analog model [1].
While this effect shares analogies with the well-known Un-
ruh effect [21], it is important to highlight important differ-
ences. A particle moving circularly with relativistic acceler-
ation is not expected to emit thermal radiation at the Unruh
temperature, contrary to its linear counterpart. Even though
one can still try to define an effective temperature for such
a particle [22], the rotating Killing vector ∂t − Ω∂θ is not a
globally timelike Killing field, which hinders an interpreta-
tion in terms of particle content of the quantum vacuum: the
dynamics of populations of the energy levels will in general
violate detailed balance, thus breaking the thermal nature of
the emission.
Taking inspiration from previous works [1], the transition
probability A↑ can be calculated making use of second-order
perturbation theory (see ’Supplemental Material’ for details).
In particular, we focus on the case of a circularly moving
detector in a cylindrically-shaped condensate, as sketched in
3Fig. 1. The condensate is assumed to be confined in a cylinder
of radius a which we model by imposing Dirichlet bound-
ary conditions, δρ(r)|r=a = 0, on the density perturbation
(see ’Supplemental Material’ and Ref. [21] for further de-
tails). This geometry implies quantization of the Bogolyubov
cylindrical waves in the BEC, with spatial mode profiles pro-
portional to Jn (ξnνr/a) einθ eikz: for each value n of the
angular momentum n, the radial momenta qnν ≡ ξnν/a are
determined by the νth zero ξnν of the Bessel function Jn(·).
An instance of the dimensionless ground-state excitation
rate, Γ↑, as a function of the rescaled detector speed v¯ =
Ωa/c, is reported in Fig. 2. For the Bogolyubov mode of azy-
muthal and radial quantum numbers (n, ν), such excitation
rate is non-vanishing only for
nΩ > qnνc
√
1 +
(
qnνξ
2
)2
+ ω0. (2)
Eq. (2) is a generalised superradiant condition [12] involv-
ing the cut-off frequency of the quantized Bogolyubov modes
propagating along the axis of the ’cigar’, given by ωnν,k=0 =
qnνc[1+(qnνξ/2)
2
]1/2 and shifted by the frequency ω0 of the
detector. Eq. (2) imposes a necessary condition on the angu-
lar velocity to excite modes with a given angular momentum
n. A further trend in the strength of the emission is due to
the Bessel factor Jn (ξnνR/a) appearing in the mode profile,
that suppresses the coupling of the detector to the high an-
gular momentum phonon modes. This Bessel factor and, in
particular, its strong suppression at short radii R (the fixed ra-
dial coordinate of the detector), puts on rigorous grounds the
usual qualitative reasoning based on the local dispersion rela-
tion of the waves in the rotating frame and on the need for a
local super-sonic motion [23].
In the geometry under consideration here, Γ↑ displays
peaks whenever the condition (2) holds as an equality. For
each n, ν > 0, this condition determines the cut-off velocities
where new emission channels open
v¯n,ν =
ξnν
√
4 + (ξnνy)2
2|n− ω0/Ω| . (3)
In the vicinity of the cut-off, the excitation rate can be written
as (see ’Supplemental Material’ for the details)
Γ↑ ∝
∞∑
n=1
∞∑
ν=1
γnν(v¯)θ(n− ω0/Ω)θ(v¯ − v¯n,ν) (4)
where the square-root divergence
γnν(v¯) ∝ 1√
v¯ − v¯n,ν (5)
that is visible in Fig. 2 follows from the effective one-
dimensional density of states of each radial-azymuthal branch
of Bogolyubov eigenmodes in the cigar-shaped condensate.
Interestingly, the dependence of v¯n,ν on n is non-monotonous
for a fixed value of ν, as illustrated in the inset of Fig. 2: this
feature explains the non-monotonous labelling of the quantum
numbers associated to the opening of the resonance channels
in the main panel of Fig. 2.
Even though we have restricted our attention on the experi-
mentally accessible zero-point excitation of the detector, it is
useful to recall that this process is always strictly associated
to the emission of phonons in the condensate that may also
be experimentally detected [4]. As a final remark, it is
worth highlighting that the emission mechanisms studied in
this work differ in nature from synchrotron radiation from
circularly moving charges in classical electrodynamics [28]
in exactly the same way as Ginzburg emission from super-
luminally moving polarizable objects [20] is conceptually
different from Cherenkov radiation by moving charges or
static dipoles [29].
Dynamical instabilities — In the astrophysical context,
rotational superradiance can give rise to different kinds of
dynamical instabilities depending on the specific geometry,
from black hole bombs to ergoregion instabilities [10]. Ana-
log effects are also at play in rotating superfluids [17]. In
this final section, we explore dynamical instability mecha-
nisms induced by the circularly moving detector. In order
to have discrete modes, we now focus on a two-dimensional
cylindrical geometry and we restrict to the lowest excitation
mode along the zˆ direction, spatial profile proportional to
Jn (ξnνr/a) e
inθ in the radial and azymuthal directions.
In order for the instability not to be disturbed by saturation
of the two-level detector, we assume that the internal structure
of this latter is a harmonic oscillator coupled to the density
fluctuations of the condensate. The total Hamiltonian in the
frame co-moving with the rotating detector is given by
H = ω0d
†d+
∑
n,ν
ω¯nν b¯
†
nν b¯nν +
g−
N x δρ(rD), (6)
where d, d† are the harmonic oscillator destruction and cre-
ation operators for the impurity and we have defined x =
(2ω0)
−1/2(d+ d†). Moreover, we have set ω¯nν = ωnν − nΩ
equal to the Bogolyubov mode frequency in the rotating frame
and we indicate with rD the radial position of the detec-
tor. In practical calculations, the sums will be restricted to
−n0 ≤ n ≤ n0 and 0 ≤ ν ≤ ν0. For convenience, a factor
N ≡ (2n0 + 1)ν0 has been included to count the number of
cylindrical Bogolyubov modes, so to ensure a proper scaling
of the coupling in the multi-mode limit N  1.
In order to identify dynamical instabilities, we consider the
corresponding equation of motions,
d˙ = −i
[(ω0
Ω
)
d+
n0∑
n=−n0
ν0∑
ν=1
gnν(b¯nν + b¯
†
nν)
]
˙¯bnν = −i
[
ω˜nν b¯nν + gnν(d+ d
†)
]
(7)
where we have introduced the dimensionless coupling be-
4Figure 3: Positive imaginary parts of the eigenvalues of (7) as a
function of v¯, evaluated for y¯ = 0.4, R¯ = 0.6, ω0/Ω = 0.3,
g¯/N ' 1.53; numerical cut-off at n0 = 9 and ν0 = 1 have been
used (N = 19). The non-vanishing imaginary parts visible in the v¯
interval plotted in the figure correspond to the parametric resonances
ω¯n,ν + ω0 = 0 for respectively n = 4, 5, 6. The parametric reso-
nance for n = 3 triggers a small imaginary part of order 10−3 (not
visible in the figure) around v¯ ' 3.82. The dynamical instabilities
corresponding to the other peaks of Fig. 2 fall at larger v¯ values.
Other types of instabilities arise when the conditions ω¯n,ν ' 0 are
satisfied; the one occurring at n = 3 and ν = 1 is illustrated in the
inset.
tween modes and impurities
gnν ≡ g¯√N
ξnν
v¯2
Jn
(
ξnνR¯
)
Jn+1(ξnν)
(
1
2W (ω˜nν + n)
)1/2
(8)
with g¯ = g−/(c2)
√
ρ0/m, and ω˜nν = ω¯nν/Ω.
The different kinds of dynamical instabilities that this
Hamiltonian can display are physically understood consider-
ing the simplified two-mode bosonic model Hamiltonian
H = ω0d
†d+ ω¯b†b+ g(a†b+ a†b† + h.c.); (9)
the eigenvalues of the associated set of linear Heisenberg
equations of motion
λ = ± i√
2
√
ω20 + ω¯
2 −
√
(ω20 − ω¯2)2 + 16g2ω0ω¯ (10)
allow for direct inspection for the conditions of stability. If ω0
and ω¯ are both positive, the onset of the first type of dynamical
instability occurs for g >
√
ω0ω¯/2, therefore a tiny value of g
can induce unstable dynamics in the nearby of ω¯ ' 0. On the
other hand, exactly on the parametric resonance ω¯ + ω0 = 0,
imaginary values of λ can be found for any value of g. In
the many-mode problem defined by (6), this latter condition
is satisfied when equation (2) holds as an equality – an oc-
currence possible only because of the rotational Doppler shift
experienced by the Bogolyubov modes.
This physics is illustrated in Fig. 3 where the imaginary
parts of the eigenvalues of the linear system (7) for the fully
multi-mode problem are evaluated for the same parameters
employed in the plot of Fig. 2. The resonant condition un-
derlying each instability window is specified in the caption.
Different strengths are found for instabilities of the two types.
For those of the second kind (akin to parametric instabilities),
a crucial contribution is due to the spatial profile of the mode
via the Jn(ξnνR¯) factor. Physically, the onset of instabili-
ties will be observable visible as an exponential growth of the
amplitude of some Bogolyubov mode, associated to a corre-
spondingly growing amplitude in the detector’s internal os-
cillation mode. It is thus apparent how two-level detectors
can hardly give rise to instabilities, as their internal motion
would be quickly saturated. The choice of restricting to a
two-dimensional geometry with discrete Bogolyubov modes
removes subtleties related to the propagation of the excitation
along the unbounded zˆ-direction [17].
Triggering these dynamical instabilities of the Bogolyubov
modes using detectors moving at large circular velocities is
of great interest as a new example of phonon lasing. Even
though spontaneous oscillations are a common feature in clas-
sical acoustics as well as in laser operation, non-trivial mech-
anisms for mechanical oscillation accompanied by the onset
of quantum fluctuations, were studied in the last decade in a
broad range of platforms, e.g. driven-dissipative coupled mi-
crocavities [24], ion-traps [25], nanomagnets [26], and opti-
cally driven quantum dots [27].
Perspectives — To summarize, we have shown in this
Letter that a circularly moving impurity immersed in an
atomic condensate at rest constitutes a promising avenue
to investigate quantum superradiance effects in a novel
context. If the interaction of the impurity is tuned in a way
to serve as a phonon detector, signatures of superradiance
include the excitation of the impurity by zero-point quantum
fluctuations of the phonon field in the condensate and the
onset of dynamical instabilities for the Bogolyubov modes
that provide a new avenue for phonon lasing. A intriguing
future direction of study consists of analysing the impact of
such superradiant effects on higher order quantum vacuum
processes such as the Casimir-Polder forces between a pair
of circularly rotating impurities. In view of experimental
realizations of this idea in photonic quantum simulators,
the open challenge is to find a viable implementation of the
moving detector concept in quantum fluids of light.
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6Supplemental Material:
Zero-point excitation of a circularly moving detector in an atomic condensate
and phonon laser dynamical instabilities
The model
As discussed in Ref. [1], the detector couples to the density fluctuations of a Bose gas via the following Hamiltonian
HI = g−σxδρ(rA) (11)
which resembles the dipole coupling in quantum electrodynamics. The Hamiltonian that governs the time evolution of the
detector is given by
HAA =
~ω0
2
σz (12)
In the above expressions σx,z are the usual Pauli matrices, which can be written in terms of the atomic two-level states |+〉 (with
energy ~ω0/2) and |−〉 (with energy ~ω0/2), namely
σx = |+〉〈−|+ |−〉〈+| = σ+ + σ−
σz = |+〉〈+| − |−〉〈−|. (13)
In order to implement our approach, we switch to Heisenberg picture. One gets
HAA(t) =
~ω0
2
σz(t) (14)
and
HI(t) = g−σx(t)δρ(t, rA). (15)
Notice that we have a coupling between atomic operators and the field operator δρ which is effective only on the trajectory of
the atoms. Henceforth we employ units such that ~ = 1.
In order to describe the dynamics associated with the scalar field δρ one may resort to the usual Bogoliubov theory of weakly
interacting Bose gas [4]. Hence one has the following effective Hamiltonian for the scalar field which generates the time
evolution with regard to t (neglecting an overall constant term)
HF (t) =
∫
dkωk b
†
k(t)bk(t) (16)
where b†k, bk are the usual creation and annihilation operators of the scalar field. In addition, k labels the wave vector of the
field modes. In the next section we will discuss the field quantization and present explicitly the associated modes. Within the
Bogoliubov theory of dilute Bose gas, one has the dispersion relation (in the laboratory frame where the condensate is at rest)
ωk = ck
√
1 +
(
kξ
2
)2
, (17)
where ξ = 1/
√
mµ is the healing length and c =
√
µ/m is the local velocity of sound [5]. The quantity µ = λρ0 is the chemical
potential of the condensate.
The method we employ here consists in identifying two different contributions to the time evolution of an arbitrary atomic
observable, namely the vacuum fluctuations and radiation reaction. Afterwards, we rewrite these contributions at a given order in
perturbation theory as quantum evolutions given by two effective Hamiltonians and then we compute each of such contributions
to the atomic energy level shift. As discussed in Refs. [2, 3], one should recall that the vacuum-fluctuation term should contain
the free part of the field in addition to the contribution of the field to the atomic observable (the source part). In turn, the
radiation-reaction contribution should comprise the free part of the atomic observable and, likewise, the source part of the field
which emerges due to the presence of the atom itself.
7Density correlations
Our aim in this section is to evaluate the aforementioned density correlation functions. For a dilute Bose gas, small fluctuations
on top of the condensate can be described by the Bogoliubov theory of dilute condensates. The time evolution of the macroscopic
wavefunction is described by the Gross-Pitaevski equation:
i
∂
∂t
ψ =
[
− 1
2m
∇2 + µ+ λ|ψ|2
]
ψ (18)
with chemical potential µ. In the usual formulation to describe elementary excitations in the condensate, one takes a steady state
ψ0 as the mean field solution,
ψ(t, r) = ψ0(r)[1 + δψ(t, r)] e
−iµt. (19)
From the above equation one may write the atomic Bose gas density as
ρ(x) = |ψ0(r)|2[1 + δψ(t, r) + δψ†(t, r)] (20)
where we are keeping only terms that are linear in δψ. The operator δψ describing fluctuations satisfies the Bogoliubov-de
Gennes equation,
i
∂
∂t
δψ = −
[
1
2m
∇2 + 1
m
∇ψ0
ψ0
∇
]
δψ + λρ0
(
δψ + δψ†
)
, (21)
where we assumed an uniform Bose gas, Vext = 0. Henceforth we assume that ρ0 is uniform. We search for solutions in
cylindrical coordinates of the form
δψ = (
√
ρ0)
−1
∞∑
n=−∞
1
2pi
∫ ∞
−∞
dk
∫ ∞
0
dqq
(
uqnk(r)bqnk(t) + v
∗
qnk(r)b
†
qnk(t)
)
(22)
with commutation relations given by (s = (qnk))
[bs, b
†
s′ ] =
(2pi)
q
δ(q − q′)δ(k − k′)δnn′
bqnk(t) = bqnk(0)e
−iωKt (23)
where K2 = q2 + k2 and all other commutators vanish. The mode functions have the form
uqnk(r) = uKJn(qr)e
inθeikz
vqnk(r) = vKJn(qr)e
inθeikz (24)
where Jn(z) is the Bessel function of the first kind, with a normalization condition given by∫
dr (u∗s(r)us′(r)− v∗s (r)vs′(r)) =
(2pi)2
q
δ(q − q′)δ(k − k′)δnn′ (25)
Employing the closure equation for Bessel functions, one finds that
|uK |2 − |vK |2 = 1. (26)
Using the expression for the Laplacian in cylindrical coordinates, one finds that the dispersion relation is given by
ωK = cK
√
1 +
(
Kξ
2
)2
. (27)
Without loss of generality, one may consider the coefficients uK , vK as real quantities. One finds
u2K =
1
2
(
ζK
ωK
+ 1
)
v2K =
1
2
(
ζK
ωK
− 1
)
, (28)
8where ζK = EK + µ, EK = K2/2m. Moreover, (uK + vK)2 = EK/ωK . Hence, the density fluctuations can be written in
cylindrical coordinates as
δρ(t, r) =
√
ρ0
∞∑
n=−∞
1
2pi
∫ ∞
−∞
dk
∫ ∞
0
dqq(uK + vK)
(
φqnkbqnk(t) + φ
∗
qnkb
†
qnk(t)
)
(29)
where φqnk = Jn(qr)einθeikz . As usual, the associated vacuum state is defined as bqnk|0M〉 = 0.
Now let us suppose that the system is confined to a cylinder of radius a, on which the fields satisfy Dirichlet boundary
conditions. The mode functions are given by
unνk(r) = unνkJn
(
ξnνr
a
)
einθeikz
vnνk(r) = vnνkJn
(
ξnνr
a
)
einθeikz (30)
where ξnν is the νth zero of the Bessel function Jn(x). Now the normalization condition reads (p = (nνk))∫
dr
(
u∗p(r)up′(r)− v∗p(r)vp′(r)
)
= (2pi)2δ(k − k′)δnn′δνν′ . (31)
Using standard relations coming from integrals of Bessel functions, one obtains that
|unνk|2 − |vnνk|2 = 2
a2[Jn+1(ξnν)]2
. (32)
Now we find the following dispersion relation
ωnνk = cKnνk
√
1 +
(
Knνk ξ
2
)2
(33)
where K2nνk = ξ
2
nν/a
2 + k2. One also has that
δψ = (
√
ρ0)
−1
∞∑
n=−∞
∞∑
ν=1
1
2pi
∫ ∞
−∞
dk
(
unνk(r)bnνk(t) + v
∗
nνk(r)b
†
nνk(t)
)
(34)
and the commutation relations become
[bp, b
†
p′ ] = (2pi)δ(k − k′)δnn′δνν′
bnνk(t) = bnνk(0)e
−iωnνkt. (35)
with all other commutators being zero. As above we take the coefficients unνk, vnνk to be real. Hence, with an analogous
calculation as before, one finds that
u2nνk =
1
2
(
ζnνk
ωnνk
+ 1
)
2
a2[Jn+1(ξnν)]2
v2nνk =
1
2
(
ζnνk
ωnνk
− 1
)
2
a2[Jn+1(ξnν)]2
, (36)
where ζnνk = Enνk + µ, Enνk = K2nνk/2m. Moreover
(unνk + vnνk)
2 =
2
a2[Jn+1(ξnν)]2
Enνk
ωnνk
.
Hence, the density fluctuations become
δρ(t, r) =
√
ρ0
∞∑
n=−∞
∞∑
ν=1
1
2pi
∫ ∞
−∞
dk(unνk + vnνk)
(
ψnνkbnνk(t) + ψ
∗
nνkb
†
nνk(t)
)
. (37)
9where ψnνk = Jn (ξnνr/a) einθeikz . In this case, the vacuum state is defined as bnνk|0C〉 = 0.
A cylindrical coordinate system (t, r, θ¯, z) rigidly rotating at a fixed angular velocity Ω is related to the cylindrical inertial
coordinate system (t, r, θ, z) by the usual transformation θ¯ = θ − Ωt. In this case, the Bogoliubov-de Gennes equation for a
uniform Bose gas (with ρ0 uniform) should be properly modified. One finds
i
(
∂
∂t
− Ω ∂
∂θ¯
)
δψ = − 1
2m
∇2δψ + λρ0
(
δψ + δψ†
)
, (38)
where the Laplacian ∇2 is written in cylindrical coordinates. Now one proceeds with analogous considerations as in the case
of the cylindrical inertial coordinate system, with the replacements θ → θ¯ and ωnνk → ω¯nνk, where ω¯nνk = ωnνk − nΩ, and
we are assuming again that the system is confined to a cylindrical mirror of radius a. It is evident that the associated rotating
modes are not generally of positive frequency. The generalization for this rotating coordinate system is then straightforward.
One obtains
δρ(t, r) =
√
ρ0
∞∑
n=−∞
∞∑
ν=1
1
2pi
∫ ∞
−∞
dk(unνk + vnνk)
(
ψ¯nνk b¯nνk(t) + ψ¯
∗
nνk b¯
†
nνk(t)
)
. (39)
where ψ¯nνk = Jn
(
ξnνr
a
)
einθ¯eikz , b¯nνk(t) = b¯nνk(0)e−iω¯nνkt, and
(unνk + vnνk)
2 =
2
a2[Jn+1(ξnν)]2
Enνk
(ω¯nνk + nΩ)
with ω¯nνk + nΩ > 0. The creation and annihilation operators b¯
†
nνk, b¯nνk satisfy identical commutation relations to those
involving canonically conjugated observables in an inertial coordinate system. An analogous situation is discussed in Ref. [6].
The authors argue that, due to the fact that the Bogoliubov transformation between the rotating and inertial vacuum states is
trivial, the inertial and rotating vacuum should produce identical results. This means that the rotating vacuum |0¯〉, defined as
b¯nνk|0¯〉 = 0 should be identical to the vacuum state |0C〉 defined above. For more discussion regarding stationary coordinate
systems on flat spacetime, we also refer the reader to the Refs. [7, 8].
Let us present the associated expressions for the correlation function of the density fluctuations. One finds, for the inertial
vacuum in an unbounded space
〈0M |δρ(t, r)δρ(t′, r′)|0M 〉 = ρ0
2m(2pi)
∞∑
n=−∞
∫ ∞
−∞
dk
∫ ∞
0
dqq
(q2 + k2)
ωK
× Jn(qr)Jn(qr′)ein(θ−θ′)eik(z−z′)e−iωK(t−t′). (40)
Here the detector’s trajectory is then given by r = R = const, z = const and θ = Ωt. On the other hand, if one wishes to switch
to a frame co-moving with the rotating detector, one should consider the above results in a rotating coordinate system. This is
most easily achieved by performing the calculations in the rotating coordinate system discussed above. As argued above, in this
case we consider that the system is confined inside a cylindrical mirror of radius a. One finds that
〈0¯|δρ(t, r)δρ(t′, r′)|0¯〉 = ρ0
m(2pi)
∞∑
n=−∞
∞∑
ν=1
1
a2[Jn+1(ξnν)]2
∫ ∞
−∞
dk
(ξ2nν/a
2 + k2)
(ω¯nνk + nΩ)
× Jn
(
ξnνr
a
)
Jn
(
ξnνr
′
a
)
ein(θ¯−θ¯
′)eik(z−z
′)e−iω¯nνk(t−t
′) (41)
In this case, the detector’s trajectory is simply given by r = R = const, z = const and θ¯ = const. Given the correlation function
of the field δρ, we can construct the relevant quantities of the formalism employed here. For instance, the normalized symmetric
correlation function of the field is given by
D(t, t′; r, r′) = 〈0a|{δρ(t, r), δρ(t′, r′)}|0a〉, (42)
where a = M,C, depending on the situation that is being under study, whereas the normalized linear susceptibility of the field
reads
∆(t, t′; r, r′) = 〈0a|[δρ(t, r), δρ(t′, r′)]|0a〉. (43)
One should consider the free part of the field when evaluating such expressions.
10
Rate of variation of the atomic energy
Now one is ready to evaluate the contributions from vacuum fluctuations and radiation reaction to the rate of change of the
atom excitation energy. The sum of such contributions produces the total rate. One finds, for large enough ∆t = t − t0 the
following expression for the rate of change of the mean atomic excitation energy in the case of the rotating atom coupled with
the inertial vacuum state (in an unbounded space)〈
dHAA
dt
〉
= −g2−
ρ0
2m
∑
ω′
∆ωA(ω, ω′)
∞∑
n=−∞
∫ ∞
−∞
dk
∫ ∞
0
dqq
(q2 + k2)
ωK
(Jn(qR))
2δ(ωK −∆ω − nΩ). (44)
where ∆ω = ω − ω′ and A(ω, ω′) = |〈ω|σfx(0)|ω′〉|2, |ω〉 and |ω′〉 being atomic states (this quantity comes from the atomic
correlation functions). The superscript f here means the free part of the atomic operator σx, as discussed in Sec. . Observe that,
for the rate of change of the atomic excitation energy, when ∆ω > 0 one has spontaneous emission; otherwise, for ∆ω < 0 one
has spontaneous excitation.
Let us consider that the atom was initially prepared in the state |+〉. In this case, ∆ω = −ω0 and A(ω, ω′) = 1. Hence〈
dHAA
dt
〉
= g2−
ρ0ω0
2m
∞∑
n=−∞
∫ ∞
−∞
dk
q−n√
k2 + (q−n )2
F (k, q−n )
G(k, q−n )
(
Jn(q
−
nR)
)2
θ(−ω0 + nΩ) (45)
where
F (k, q) =
K3
ωK
, K =
√
q2 + k2
G(k, q) =
cq(ξ2(k2 + q2) + 2)√
k2 + q2
√
ξ2(k2 + q2) + 4
q±n = q
±
n (k) =
1
ξ
[
2
√
c2 + ξ2(ω0 ± nΩ)2
c
− (k2ξ2 + 2)]1/2 . (46)
Observe that q−n is real (and hence spontaneous excitation may occur) only if
nΩ > kc
√
1 +
(
kξ
2
)2
+ ω0 (47)
where we used the fact that n must be a positive integer. This implies that
nΩ
c
> k
√
1 +
(
kξ
2
)2
. (48)
On the other hand, if the atom was initially prepared in the state |−〉, one would find that ∆ω = ω0 and A(ω, ω′) = 1.
Therefore 〈
dHAA
dt
〉
= −g2−
ρ0ω0
2m
∞∑
n=−∞
∫ ∞
−∞
dk
q+n√
k2 + (q+n )2
F (k, q+n )
G(k, q+n )
(
Jn(q
+
nR)
)2
θ(ω0 + nΩ). (49)
For a positive integer n, q+n is real if the following condition is met:
ω0 > −nΩ + kc
√
1 +
(
kξ
2
)2
(50)
which implies that
nΩ
c
< k
√
1 +
(
kξ
2
)2
. (51)
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Let us recast our results in terms of dimensionless variables, defined as X±n = q
±
nR, z = c/(ω0R), W = ω0/Ω, `(R) = kR,
y(R) = ξ/R, and v˜(R) = ΩR/c. Notice that for v˜ > 1 we are in the supersonic regime. In terms of such variables, the
spontaneous excitation rate can be rewritten as〈
dHAA
dt
〉
= P (ω0, R)W
2
∞∑
n=−∞
∫ ∞
−∞
d`
X−n√
`2 + (X−n )2
F¯ (`,X−n )
G¯(`,X−n )
(
Jn(X
−
n )
)2
θ(−W + n) (52)
where
P (ω0, R) =
g2−ρ0
2mω0R5
(53)
and
ωv˜(`,X
±
n ) =
(
`2 + (X±n )
2
)1/2
v˜
√√√√
1 +
((
`2 + (X±n )2
)1/2
y
2
)2
F¯ (`,X±n ) =
(
`2 + (X±n )
2
)3/2
ωv˜(`,X
±
n )
G¯(`,X±n ) =
X±n
[
y2
(
`2 + (X±n )
2
)
+ 2
]
v˜
√
`2 + (X±n )2
√
y2
(
`2 + (X±n )2
)
+ 4
X±n = X
±
n (`) =
1
y
[
2
√
1 + v˜2y2(W ± n)2 − (`2y2 + 2)]1/2 . (54)
For spontaneous emission, one has that〈
dHAA
dt
〉
= −P (ω0, R)W 2
∞∑
n=−∞
∫ ∞
−∞
d`
X+n√
`2 + (X+n )2
F¯ (`,X+n )
G¯(`,X+n )
(
Jn(X
+
n )
)2
θ(W + n). (55)
For clarity we have omitted the dependence on R for the variables `, y, v˜ in the above expressions.
Finally, let us consider the rate of variation of the atomic energy with respect to the co-moving frame of the rotating detector.
In this situation we confine the system inside a cylindrical mirror of radius a. With an almost identical calculation as before, one
finds, for a large enough ∆t〈
dHAA
dt
〉
= −g2−
ρ0
m
∑
ω′
∞∑
n=−∞
∞∑
ν=1
∆ωA(ω, ω′)
a2[Jn+1(ξnν)]2
∫ ∞
−∞
dk
(ξ2nν/a
2 + k2)
(ω¯nνk + nΩ)
[
Jn
(
ξnνR
a
)]2
δ(ωnνk −∆ω − nΩ). (56)
For spontaneous excitation, we find that
〈
dHAA
dt
〉
= g2−
2ρ0ω0
m
∞∑
n=−∞
∞∑
ν=1
[
Jn
(
ξnνR
a
)]2
a4[Jn+1(ξnν)]2
(ξ2nν + (ak
−
0 )
2)
ωnνk−0
θ(−ω0 + nΩ)
Gnνk−0
(57)
where
Gnνk = ck(ξ
2K2nνk + 2)
Knνk
√
ξ2K2nνk + 4
(58)
and
k±0 =
1
ξ
[
2
√
c2 + ξ2(ω0 ± nΩ)2
c
−
(
ξ2ξ2nν
a2
+ 2
)]1/2
. (59)
Observe that k−0 is real (and hence spontaneous excitation may occur) only if
nΩ >
c ξnν
a
√
1 +
(
ξξnν
2a
)2
+ ω0 (60)
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where we used the fact that n must be a positive integer. This implies
nΩa
c
> ξnν
√
1 +
(
ξξnν
2a
)2
. (61)
The lowest bound is obtained for ν = 1. In particular, since the zeros of the Bessel function obey ξnν > n, we obtain that the
atom remains inert unless Ωa > c. Hence we obtain a similar conclusion as the one in Ref. [6]. In other words, if the cylindrical
mirror has a radius greater than c/Ω, then spontaneous excitation can occur.
In terms of the dimensionless variables `(a) = x¯ = ka, y(a) = y¯ = ξ/a, v˜(a) = v¯ = Ωa/c, R¯ = R/a andX2nνx¯ = ξ
2
nν + x¯
2,
one obtains that 〈
dHAA
dt
〉
= 4W 2P (ω0, a)
∞∑
n=−∞
∞∑
ν=1
[
Jn
(
ξnνR¯
)
Jn+1(ξnν)
]2 X2
nνx¯−0
ω˜nνx¯−0
θ(−W + n)
Gnνx¯−0 (v¯)
(62)
where
ω˜nνx¯ =
Xnνx¯
v¯
√
1 +
(
Xnνx¯ y¯
2
)2
Gnνx¯(v¯) = x¯(y¯
2X2nνx¯ + 2)
v¯Xnνx¯
√
y¯2X2nνx¯ + 4
x¯±0 =
1
y¯
[
2
√
1 + v¯2y¯2(W ± n)2 − (y¯2ξ2nν + 2)]1/2 . (63)
On the other hand, for spontaneous emission, we find that
〈
dHAA
dt
〉
= −g2−
2ρ0ω0
m
∞∑
n=−∞
∞∑
ν=1
[
Jn
(
ξnνR
a
)]2
a4[Jn+1(ξnν)]2
(ξ2nν + (ak
+
0 )
2)
ωnνk+0
θ(ω0 + nΩ)
Gnνk+0
. (64)
For a negative integer n, the condition for k+0 to be real is similar to the one derived above for k
−
0 . On the other hand, for a
positive integer n, k+0 is real if the following condition is met:
ω0 > −nΩ + c ξnν
a
√
1 +
(
ξξnν
2a
)2
(65)
which implies that
nΩa
c
< ξnν
√
1 +
(
ξξnν
2a
)2
. (66)
In terms of the dimensionless variables defined above, one has that〈
dHAA
dt
〉
= −4W 2P (ω0, a)
∞∑
n=−∞
∞∑
ν=1
[
Jn
(
ξnνR¯
)
Jn+1(ξnν)
]2 X2
nνx¯+0
ω˜nνx¯+0
θ(W + n)
Gnνx¯+0 (v¯)
. (67)
Einstein coefficients
It is not difficult to display the Einstein coefficients for spontaneous emission, denoted by A↓, and spontaneous excitation,
given by A↑. Using a similar approach as employed in Ref. [9], one finds
A↑ = P (ω0, R)
ω0
Ω2
∞∑
n=1
∫ ∞
−∞
d`
X−n√
`2 + (X−n )2
F¯ (`,X−n )
G¯(`,X−n )
(
Jn(X
−
n )
)2
θ(−W + n) (68)
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and
A↓ = P (ω0, R)
ω0
Ω2
∞∑
n=−∞
∫ ∞
−∞
d`
X+n√
`2 + (X+n )2
F¯ (`,X+n )
G¯(`,X+n )
(
Jn(X
+
n )
)2
θ(W + n). (69)
One can define the following dimensionless Einstein coefficients from the above expressions:
Γ↑ =
ω0
P (ω0, R)
A↑ = W 2
∞∑
n=1
∫ ∞
−∞
d`
X−n√
`2 + (X−n )2
F¯ (`,X−n )
G¯(`,X−n )
(
Jn(X
−
n )
)2
θ(−W + n) (70)
and
Γ↓ =
ω0
P (ω0, R)
A↓ = W 2
∞∑
n=−∞
∫ ∞
−∞
d`
X+n√
`2 + (X+n )2
F¯ (`,X+n )
G¯(`,X+n )
(
Jn(X
+
n )
)2
θ(W + n). (71)
Defining the excitation rate per mode as dΓ/d`, one finds, for large v˜ (at leading order)
dΓ↑
d`
≈ v˜3/2F(v˜) (72)
where
F(v˜) = 4W 2
∞∑
n=1
θ(−W + n)
pi
(
2(−W + n)y3)1/2 cos2
(B−
4
)
B± = B±(`, v˜) =
√
2
(
`2y2 + 2
)√
(±W + n)v˜y3 − 4
√
2
√
(±W + n)v˜
y
+ 2pin+ pi. (73)
Finally, for the case of the rotating vacuum (with the system confined inside a cylindrical mirror), one finds that
A↑ =
4ω0
Ω2
P (ω0, a)
∞∑
n=1
∞∑
ν=1
[
Jn
(
ξnνR¯
)
Jn+1(ξnν)
]2 X2
nνx¯−0
ω˜nνx¯−0
θ(−W + n)
Gnνx¯−0 (v¯)
(74)
and
A↓ =
4ω0
Ω2
P (ω0, a)
∞∑
n=−∞
∞∑
ν=1
[
Jn
(
ξnνR¯
)
Jn+1(ξnν)
]2 X2
nνx¯+0
ω˜nνx¯+0
θ(W + n)
Gnνx¯+0 (v¯)
. (75)
Accordingly, the associated dimensionless coefficients are given by
Γ↑ =
ω0
P (ω0, a)
A↑ = 4W 2
∞∑
n=1
∞∑
ν=1
[
Jn
(
ξnνR¯
)
Jn+1(ξnν)
]2 X2
nνx¯−0
ω˜nνx¯−0
θ(−W + n)
Gnνx¯−0 (v¯)
(76)
and
Γ↓ =
ω0
P (ω0, a)
A↓ = 4W 2
∞∑
n=−∞
∞∑
ν=1
[
Jn
(
ξnνR¯
)
Jn+1(ξnν)
]2 X2
nνx¯+0
ω˜nνx¯+0
θ(W + n)
Gnνx¯+0 (v¯)
. (77)
For large v¯ one obtains, at leading order
Γ↑ ≈ v¯3/2C−nν (78)
where
C±nν = 8W 2
∞∑
n=1
∞∑
ν=1
[
Jn
(
ξnνR¯
)
Jn+1(ξnν)
]2
θ(±W + n)√
2(±W + n)y3 . (79)
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